The Navier-Stokes equations for a fluid flow are applied to a pipe. Under conditions of symmetry these are reduced to the well-known equation of zeroth modified Bessel, which is solved to find the velocity profile and shape of the axial velocity.
Introduction
The fluids transport such as water, oil, etc. is done through pipes, so it is important to study the flow characteristics under different conditions such as flow rate, pipe size and then obtain mathematical expressions for the velocity profile, the axial velocity, flow rate, etc. Here under symmetry conditions, the resulting differential equations can be resolved accurately in terms of Bessel functions. This work is divided in five parts: This introduction, section 2 illustrates the method for which we obtain the modified Bessel equation from the Navier Stokes equations; in section 3 we resolve the Bessel differential equation; section 4 is an appendix with the most important characteristics about the modified Bessel functions used in this article. Finally, section 5 presents conclusions and future projects.
Navier-Stokes Equations
Suppose a long circular cylindrical pipe of radius R .
We consider an incompressible, isothermal Newtonian flow (density constant  
The z-component of the Navier-Stokes equations is written as
(2) In our development of flow in the pipe, considering the velocity components with axial symmetry, that is, they only depend on the radius and time, we have 
If the pressure ( ) dp G t dz = − , is periodic with frequency w , we can write:
where Re denotes the real part. If this gradient has an infinite period, we can take the Fourier transform. Similarly, for the Fourier series expansion of z-component of the velocity, we have ( )
Substituting equations 6 and 7 into equation 5 and matching harmonics, one has
If it is assumed that, the fluid does not slip on the 
and the equation 8 can be written as
The solution of the equation 10 is
where the maximum speed is given for
The velocity distribution is in the form of a parabola, with the fastest velocity in the vertex and friction cause the velocity decrease outwards. The figure 1 shows the velocity profile in the steady state.
The flow rate is calculated as follows
(13) where the integral extends over the entire cross sectional area A , of the pipe.
The specific flow rate,
In Darcy's equation, the flow rate has the form dp Q kA dz   (15) where the constant k is the hydraulic conductivity, A represents the cross-sectional area of the pipe, and z is the axial direction.
Comparing equation 13 to equation 15, one has that 0 dp G dz   for the hydraulic conductivity, that is a property of both the fluid and the pipe. 
Rearranging terms, equation 18 is written as 
Modified Bessel Differential Equation
The homogeneous equation from equation 20 is 
where we used the equations 6, 7 and equation 29. 
where ber and bei , are the real and imaginary parts of     In equations 32 and 33 is omitted the subscript zero in ber and bei functions. In figure 3 it can be seen the axial velocity time dependent, i. e. the waveform for each component.
